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ABSTRACT
We consider BF-type topological field theory coupled to non-dynamical particle and
string sources on spacetime manifolds of the form IR1 ×M3, where M3 is a 3-manifold
without boundary. Canonical quantization of the theory is carried out in the Hamiltonian
formalism and explicit solutions of the Schro¨dinger equation are obtained. We show that
the Hilbert space is finite dimensional and the physical states carry a one-dimensional
projective representation of the local gauge symmetries. When M3 is homologically non-
trivial the wavefunctions in addition carry a multi-dimensional projective representation,
in terms of the linking matrix of the homology cycles ofM3, of the discrete group of large
gauge transformations. The wavefunctions also carry a one-dimensional representation
of the non-trivial linking of the particle trajectories and string surfaces in M3. This
topological field theory therefore provides a phenomenological generalization of anyons to
(3 + 1) dimensions where the holonomies representing fractional statistics arise from the
adiabatic transport of particles around strings. We also discuss a duality between large
gauge transformations and these linking operations around the homology cycles of M3,
and show that this canonical quantum field theory provides novel quantum representations
of the cohomology of M3 and its associated motion group.
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1. INTRODUCTION
In (2 + 1) dimensional spacetime, anyons have a by now well-known physical realization
where magnetic flux tubes are attached to charged particles and the Aharonov-Bohm
phases resulting from adiabatic transport of the composites give them fractional exchange
statistics (see [1] for a review). Anyons are also known to be phenomenologically described
in quantum field theory by Chern-Simons gauge theory, a topological field theory [1,2].
We would expect these fractional phases to survive in a 4 dimensional world where flux
tubes have infinite extent, as in the conventional Aharanov-Bohm effect. In this Paper
we shall study a particular topological quantum field theory which gives the appropriate
generalization of anyons to (3 + 1) dimensions.
Holonomy effects in physical systems should always be described by some topological
field theory. In the following we shall consider a certain class of Schwarz-type topological
gauge theories, the so-called BF-theories [2–5], which describe the type of holonomy which
can occur in adiabatic transport in a theory of point charges and strings where all other
degrees of freedom decouple. Abelian BF theories in 4 dimensions have for a long time
been known to be especially suited to describe physical systems where the sources are
vortex-like configurations, and it is well-known that there is a duality between dynamical
BF-type gauge theories and theories involving Nambu-Goldstone fields with global abelian
symmetries. This fact has been used to describe an alternative approach to the Higgs
mechanism, and it leads to the London constitutive equation in superconductivity [6]. It
has also recently been exploited in dual models of cosmic strings [7], and axionic black hole
theories [8] where the axion charge is physically detectable only by external cosmic strings
in a 4 dimensional Aharanov-Bohm type process [9] identical to what we shall consider
here. These 4 dimensional Aharanov-Bohm phases also appear in field theories of the QCD
string [10].
On the mathematical side, it was realized in the late 1970’s by Schwarz that both
abelian and nonabelian BF-theories in d dimensions give effectively computable path in-
tegral representations of a particular topological invariant of d-manifolds, the Ray-Singer
analytic torsion [2,3,5,11]. The properties of this non-trivial topological invariant thus
have natural interpretations through standard techniques of quantum field theory. Fur-
thermore, just as Chern-Simons theory gives representations of linking numbers of curves
in 3 dimensions [2], BF theories provide path integral representations of the linking and
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intersection numbers of generic surfaces in d dimensions [2,3,5].
Not unrelated to these properties of BF theory is the fact that the statistical phases
which arise in some models of heterotic string compactification illustrate explicitly the
possibility of unusual statistics in 4 dimensional string theory [12]. These statistical phases
can be seen to arise from certain cosmic string and superstring phenomena, such as anomaly
cancellation in 4 dimensions [13], and they arise from BF-type theories of superstrings
such as Nambu-Goto string theory modified with the inclusion of the Kalb-Ramond term
[14]. This possibility was made explicit by Aneziris et al. who showed that more general
statistics can exist for strings in (3 + 1) dimensions [15]. Just as for particles moving on a
plane where the configuration space monodromies lead one to consider the braid group of
the plane, whose representations allow for exotic statistics of charged particles in (2 + 1)
dimensions [1], Aneziris et al. constructed representations of the holonomies of closed paths
in the configuration space of a system of identical, oriented strings which demonstrate the
possibility of fractional statistics.
The idea of fractional statistics for a system of identical strings requires a better un-
derstanding of the Hilbert space of physical states for such a system [12]. In this Paper
we shall consider (3 + 1) dimensional abelian BF-type topological field theory coupled
to non-dynamical string sources, but in the limiting case where one set of strings can be
considered as points in space (the situation in cosmic string scenarios) so that the compos-
ite states are point particles with infinitely thin flux tubes attached (Section 2), the same
situation that arises in pure Chern-Simons gauge theory. One advantage of this simplifying
limit is that we need not worry about regulating the usual divergences which arise from
self-linking terms. We shall also consider only spacetime manifolds without boundary1.
We explicitly construct the Hilbert space of the theory by considering the canonical
quantization of this model in the Hamiltonian formalism. We begin by examining how
particle-string holonomies are represented in the wavefunctions when the spatial 3-manifold
is flat Euclidean 3-space IR3 (Section 3). There we obtain a simple representation of
the particle-string linking in IR3 through a spherical solid angle function which is the 3-
dimensional version of the usual multivalued angle function which appears in planar anyon
theories [1]. In this case the Hilbert space is one dimensional and the physical states carry
a unitary representation of both the statistics and the local gauge group.
1 For spacetime manifolds with boundary, the analogs of the boundary localized edge states and vertex
operators of Chern-Simons theory have been studied in [16].
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We then consider the case where the spatial manifold is curved, and also allow for
non-trivial spatial topology (Section 4). There we obtain a generalization of the adia-
batic particle-string linking found in Euclidean space through a generalized curved space
spherical angle function, and the wavefunctions again carry a one dimensional unitary rep-
resentation of the fractional statistics and of the local gauge symmetries. When the space
has non-trivial homology, we find that it is necessary to normalize the cohomological parts
of the gauge fields in terms of the linking matrix of the homology cycles [17] in order for
the correct particle-string linking representation to appear. We shall also see that, when
the coefficient of the BF action (the “statistics parameter”) is of the form Mk1/k2 with
k1 and k2 integers and M the integer-valued determinant of the linking matrix of the p
homology 1-cycles with the p homology 2-cycles of the 3-manifold, the Hilbert space is
|k1k2M |p dimensional and the physical states in addition carry a |k2|p dimensional projec-
tive representation of the associated algebra of large gauge transformations. This algebra
and the ensuing representations are determined by the linking matrix of the space, and
thus the BF theory leads to a novel, complete quantum representation of its homological
properties. We shall further show that these large gauge transformations are dual to the
linkings of particles and strings around the non-trivial homology cycles of the manifold, and
their representation within the physical states provides a |k1|p dimensional projective rep-
resentation of the first and second cohomology of the underlying space. The wavefunctions
thus also yield intriguing representations of the fundamental group of the particle-string
configuration space.
These results shed light on the structure of the enlarged Hilbert space for 4 dimensional
strings induced by the more complicated fundamental group of the string configuration
space. They also illustrate the complexity of the quantum theory of anyonic systems in (3
+ 1) dimensions, and show as well the rich mathematical structure inherent in BF theory
insofar as providing topological invariants in 3 dimensions. Some details of the calculations
in the case of a curved manifold are summarized in an Appendix at the end of the Paper,
where we derive an explicit expression for the generalized adiabatic linking function.
4
2. CANONICAL BF THEORY IN FOUR DIMENSIONS
We begin by describing some of the general features of 4-dimensional BF-type topo-
logical field theory and its canonical formalism when coupled to sources. Consider the
field theory of a real-valued 2-form field B and a real-valued 1-form field A defined on a 4
dimensional spacetime manifold M4 with metric of Minkowski signature. The BF action
is given by the spacetime integral of a 4-form [2–5]
S =
∫
M4
k
2π
B ∧ dA (2.1)
where 1k is the coupling constant. This action is invariant under the gauge transform
A→ A+ χ (2.2)
where χ is a closed 1-form, dχ = 0. Modulo elements of the first cohomology group ofM4
this is trivially satisfied by an exact 1-form χ = dχ′. On the other hand, like Chern-Simons
theory in (2 + 1) dimensions [2] the action transforms by a surface term under
B → B + ξ (2.3)
where ξ is a closed 2-form, dξ = 0, which is also satisfied by an exact 2-form ξ = dξ′
modulo elements of the second cohomology group of M4.
In the present field theory without sources any closed forms are allowed in (2.2) and
(2.3). However, when this topological field theory is coupled to sources we also require
gauge invariance of the Wilson operators
W [L] = exp
(
i
∫
L
A
)
, W [Σ] = exp
(
i
∫
Σ
B
)
(2.4)
for any oriented loop L and any compact orientable surface Σ in M4. This restricts the
cohomological parts of the closed forms allowed in (2.2) and (2.3) to those with integer-
valued cohomology so that ∫
L
χ = 2πn ,
∫
Σ
ξ = 2πm (2.5)
for some integers n andm. In the following we shall assume this restricted gauge symmetry.
The partition function is given by the path integral
Z =
∫
DA DB exp
(
i
∫
M4
k
2π
B ∧ dA
)
(2.6)
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The functional integrals in (2.6) are performed over all gauge orbits and are normalized
by the volume of the gauge group. This path integral is related to the Ray-Singer analytic
torsion [18] which is a topological invariant of M4 given by properties of the spectrum of
the differential operators d and ⋆d and the Laplacian n acting on n-forms on M4, and
here is given explicitly by the ratio of determinants [2,3,11]
Z =
det
1/2
⊥ 1
det
1/2
⊥ 0 det
1/4
⊥ 2
(2.7)
where det⊥ denotes the determinant with zero modes arising from gauge invariance ex-
cluded.
Gauge- and topologically-invariant operators in this quantum field theory are given by
2-cycle holonomies of B and 1-cycle holonomies of A. The expectation value of the Wilson
loop and surface variables (2.4) is given by the path integral with sources
< W [L],W [Σ] > =
∫
DADB exp
(
i
∫
M4
k
2πB ∧ dA+ i
∫
LA+ i
∫
Σ B
)
∫
DADB exp
(
i
∫
M4
k
2πB ∧ dA
) (2.8)
where the Wilson loops are the world-lines L of particles and surfaces are the world-sheets
Σ of strings. This integral is independent of the metric of M4 and is also formally a
topological invariant. It is related to the topological linking number of surfaces Σ with
contours L. This can be seen by fixing the gauge and performing the integral to obtain
[2,3,5]
< W [L],W [Σ] > = exp
(
− 2i
πk
∫
Σ
dΣµν(x)
∫
L
dlσ(y) ǫ
µνσρ (x− y)ρ
|x− y|4
)
= e−
2πi
k
I(Σ,L)
(2.9)
where dΣµν(x) = d
2σ ǫαβ
∂xµ
∂σα
∂xν
∂σβ
is the differential string area element and lσ parametrizes
the particle world-line. Here we have for simplicity assumed that M4 = IR1 × IR3 and
we use the convention ǫ0123 = +1. (2.9) yields the standard expression for the Gaussian
linking number I(Σ,L) of a contour L and a surface Σ [19]. Path integral representations
of these linking numbers in arbitrary 4-manifolds can also be obtained [2,3,5] (see the
Appendix, equation (A.23)).
A more complete picture of this particle-string system is obtained by canonical quan-
tization. For this we choose the spacetime to be the product manifold IR1×M3 where IR1
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parametrizes the time. The action is now2
S =
∫
dt
∫
M3
d3x
(
k
4π
ǫµνρσBµν∂ρAσ + Aµj
µ +
1
2
BµνΣ
µν
)
(2.10)
where the particle current is given by
jµ(x) =
∑
a
qa
∫
La
dτ
dr
µ
a (τ)
dτ
δ(4)(x, ra(τ)) (2.11)
with r
µ
a (τ) the embedding of the world line La of particle a with charge qa in M4. It
satisfies the continuity equation ∂µj
µ = 0 when the world lines are closed. The string
current is given by
Σµν(x) =
∑
b
φb
∫
Σb
d2σ ǫαβ
∂X
µ
b (σ)
∂σα
∂Xνb (σ)
∂σβ
δ(4)(x,Xb(σ)) (2.12)
with X
µ
b (σ) the embedding of the world-sheet Σb of string b with “electromagnetic” flux
φb in M4. It is antisymmetric, Σµν = −Σνµ, and conserved, ∂µΣµν = 0, when either the
string world-sheet is closed or the embedding obeys the appropriate boundary conditions.
When the 3-manifold M3 is compact, we require that these sources further obey the
property that the total charge and total flux both vanish,
∑
a qa =
∑
b φb = 0. The gauge
constraints (see (2.13) below) imply that the inclusion of non-zero charge and flux sectors
of the theory require the gauge connections A and B to be sections of some vector bundles
overM3 (as then they have non-vanishing curvature), and they can only be defined locally
on patches overM3. In this case the BF action (2.1) must be modified appropriately [20],
and we shall not consider this technical adjustment in this Paper. Intuitively, the constraint
that the total charge and flux vanish in a closed space is required since their electric and
“magnetic” fluxes have nowhere to go.
The temporal components of the fields are Lagrange multipliers which enforce the
constraints
k
2π
∂iB
i + j0 ∼ 0 , k
2π
ǫijk∂jAk +Σ
0i ∼ 0 (2.13)
where Bi(x) = 12ǫ
ijkBjk(x). The second constraint in (2.13) confines “electromagnetic”
flux to the string world sheets and gives the analog of the Meissner effect in a BCS su-
perconductor [6]. The first constraint then couples this flux to the particle charges with
2 In this Paper we shall implicitly assume that all antisymmetric tensors, Dirac delta functions, spatial
index contractions and volume forms d3x contain the appropriate metric factors required for diffeomorphism
invariance. Also, in the following ∗ denotes the Hodge duality operator defined with respect to the metric
of M3.
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coupling 1
k2
. Thus the propagating gauge degrees of freedom in this field theory decouple
and their only roles are to attach infinitely long flux tubes to the point charges in this
theory in terms of the coefficient k. As in Chern-Simons theory [1], it is this coupling
which leads to Aharanov-Bohm phases which are ultimately responsible for the statistics
of these charged particle composites.
The remaining action
S =
∫
dt
∫
M3
d3x
(
k
2π
BiA˙i +Aij
i +
1
2
BijΣ
ij
)
(2.14)
is of first order in time derivatives and is therefore already expressed in phase space with
the spatial components of A and B being the canonically conjugate variables. It leads to
the canonical commutator
[
Ai(x), B
j(y)
]
=
2πi
k
δ
j
i δ
(3)(x, y) (2.15)
In the temporal gauge A0 = 0, B0i = 0, the Hamiltonian is
H =
∫
M3
d3x
(
−Aiji −
1
2
BijΣ
ij
)
(2.16)
The canonical formalism above can now be used to solve for the spectrum of the Hamilto-
nian (2.16). In the following we shall show that the associated Hilbert space states repre-
sent fractional particle-string linking numbers as well as the possible non-trivial topological
properties of the 3-manifold M3.
3. PARTICLE-STRING HOLONOMY IN EUCLIDEAN SPACE
To get an intuitive idea of how the wavefunctions of BF-theory represent fractional
linking numbers of particles and strings, we first consider the relatively simple case where
M3 is Euclidean 3-space IR3. We can decompose the fields over IR3 using the Hodge decom-
position, assuming that they have compact support. We then have the usual longitudinal
and transverse decompositions
A = dθ + ∗dK ′ or Ai = ∇iθ + ǫijk∇jK ′k (3.1)
∗B = dθ′ + ∗dK or Bi = ∇iθ′ + ǫijk∇jKk (3.2)
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The commutation relations (2.15) now take the form
[
θ(x), θ′(y)
]
= −2πi
k
1
∇2 δ
(3)(x, y) ,
[
Ki(x), K
′j(y)
]
=
2πi
k
(
δ
j
i −
∇i∇j
∇2
)
1
∇2 δ
(3)(x, y)
(3.3)
and can be represented by the functional derivative operators
Ai(x) = ∇iθ(x)−
2πi
k
ǫijk∇j
1
∇2
δ
δKk(x)
Bi(x) = ǫijk∇jKk(x) +
2πi
k
∇i 1∇2
δ
δθ(x)
(3.4)
We treat the constraints (2.13) as physical state conditions which separate the gauge-
invariant states in the Hilbert space of the canonical quantum field theory. In the functional
Schro¨dinger picture, we see from (3.4) that they are solved by wavefunctionals of the form
Ψphys[θ,K; t] = exp
[
i
∫
d3x
(
θ(x)j0(x, t) +Ki(x)Σ
0i(x, t)
)]
Ψ˜(t) (3.5)
Note that the continuity equation ∂µΣ
µ0 = 0 is required for the constraints (2.13) to
be satisfied in (3.5) here. The time-independent gauge symmetries (2.2) and (2.3) are
therefore represented projectively as
Ψphys[θ + χ
′, K + ξ′; t] = exp
[
i
∫
d3x
(
χ′(x)j0(x, t) + ξ′i(x)Σ
0i(x, t)
)]
Ψphys[θ,K; t]
(3.6)
where the projective phase is a non-trivial local U(1) 1-cocycle. Then, to solve the
Schro¨dinger equation
i
∂
∂t
Ψphys[θ,K; t] = HΨphys[θ,K; t] (3.7)
from (2.16) and (3.4) we obtain
Ψ˜(t) = exp
[
2πi
k
∫ t
−∞
dt′
∫
d3x
(
(∇× j)i
1
∇2Σ
0i(x, t′) + (∇ · Σ) 1∇2 j
0(x, t′)
)]
(3.8)
where Σi =
1
2ǫijkΣ
jk.
We now substitute in the source currents (2.11) and (2.12) with the particle trajectories
and string surfaces inM3 parametrized by time; i.e. r0a(τ) = τ and X0b (σ1, σ2) = σ1. Then
using the Green’s function for the 3 dimensional Laplacian on IR3
(x| 1∇2 |y) = −
1
4π|x− y| (3.9)
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and integrating by parts over IR3 the full wavefunctional is therefore
Ψphys[θ,K; t] = exp
[
i
{∑
a
qaθ(ra(t)) +
∑
b
φb
∫
dσ
∂Xib(t, σ)
∂σ
Ki(Xb(t, σ))
}
+
i
2k
∑
a,b
qaφb
∫ t
−∞
dt′
∫
dσ ǫijk
{
r˙ia(t
′)
∂Xkb (t
′, σ)
∂σ
− ∂X
i
b(t
′, σ)
∂t′
∂Xkb (t
′, σ)
∂σ
}(
ra(t
′)−Xb(t′, σ)
)j
|ra(t′)−Xb(t′, σ)|3
]
(3.10)
The final sum in (3.10) (i.e. Ψ˜(t)) is the topological linking number of the particle
trajectories and the string surfaces in IR3 and is the three dimensional version of the
linking number in (2.9). This canonical linking is the adiabatic limit of the covariant
linking found in (2.9) using the path integral approach. As a function of t it is the analog
of the usual 2 dimensional multivalued angle function which arises in anyon theories as the
term responsible for giving charged particles anomalous exchange statistics [1]. If we look
closely at the integrand of this term, we see that it has the form
Rab · (dRab × dRab)
|Rab|3
= dΦab(t) (3.11)
where Rab = Xb − ra and Φab(t) is the solid angle formed by the string (along Xb(t, σ))
as viewed from the charged particle (at ra(t)). Here the “statistics parameter” is
k
2π , i.e.
when a particle of charge qa encircles a string of flux φb once, Ψphys changes by the phase
e−
2πi
k
qaφb . The Hilbert space of BF-theory on Euclidean 3-space is therefore 1 dimensional
and the wavefunctionals carry a 1 dimensional unitary representation of the fractional
particle-string linking for generic values of the BF coefficient k.
4. PARTICLE-STRING HOLONOMY IN CURVED SPACES
We now move on to the more interesting case of a curved space with possibly non-
trivial topology. We assume thatM3 is a compact, path-connected, orientable 3-manifold
without boundary. The non-trivial homology ofM3 is represented by the homology groups
H1(M3; ZZ) and H2(M3; ZZ), which by Poincare´-Hodge duality both have the same dimen-
sion that we denote by p. We shall ignore the torsion parts of the homology groups which
play no role in the following. Let {Lm}pm=1 be a set of generators of H1(M3; ZZ) and
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{Σm}pm=1 a set of generators of H2(M3; ZZ). A fundamental characteristic of M3 is its
linking matrix [17]
Mmn = IM3(Σ
m, Ln) =
∑
Imn
sgn (Imn) (4.1)
which counts the signed intersections Imn of the two dimensional surface Σ
m with the one
dimensional line Ln inM3. By definition it is a topological invariant and an integer-valued
matrix. Note that it is not necessarily symmetric and so it is important to keep track of
the order of its two indices in what follows. Some examples of constant curvature spaces
are the 3-sphere S3 for which p = 0, the 3-torus (S1)3 where p = 3, and the product
3-manifold S2 × S1 wherein p = 1. Notice that the linking matrix Mnm for the latter 2
examples is just the p × p identity matrix, as is always the case for a space M3 which is
the product of a one- and a two-dimensional space.
To describe the non-trivial cohomology ofM3, we let {αℓ}pℓ=1 ∈ H1(M3; IR) be a basis
of harmonic 1-forms (i.e. dαℓ = d∗αℓ = 0) and {βℓ}pℓ=1 ∈ H2(M3; IR) a basis of harmonic
2-forms which are Poincare´-duals of the homology generators∫
Lm
αℓ = δ
m
ℓ ,
∫
Σm
βℓ = δ
m
ℓ (4.2)
As will become clear later on (see the Appendix, equation (A.8)), for our purposes it is
necessary to choose the normalization (4.2) instead of the standard normalization usually
employed wherein the harmonic generators αℓ and βℓ are taken to be Hodge-dual basis ele-
ments [2]. Here the exterior product of these cohomology generators satisfy the reciprocal
relation of the homology generators∫
M3
αℓ ∧ βk =Mℓk (4.3)
where we define the inverse and determinant of the linking matrix as
MℓkM
km = δmℓ , M = det[M
mn] (4.4)
In generalMmn is rational-valued, butM ·Mmn is always an integer-valued matrix. We will
assume thatM is positive, since this can always be achieved by changing the orientation of
M3 if necessary. Finally, the non-Euclidean geometry ofM3 is encoded within the Hodge
duality operator ∗.
The Hodge decompositions of the forms A and B on M3 are now as follows: The
1-form A = Aidx
i restricted toM3 can be decomposed into exact, co-exact and harmonic
forms as
A = dθ + ∗dK ′ + aℓαℓ (4.5)
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where the scalar field θ and 1-form field K ′ satisfy
∇2gθ = ∗d ∗A , Φ′ = ∗d ∗ dK ′ = ∗dA (4.6)
and the harmonic coefficients are given by
aℓ(t) =Mmℓ
∫
M3
A ∧ βm =
∫
Lℓ
A (4.7)
Here ∇g denotes the covariant derivative with respect to the metric g ofM3 and ∇2g is the
corresponding scalar Laplacian. Likewise the 2-form B = 12Bijdx
i∧dxj can be decomposed
on M3 as
B = dK + ∗dθ′ + bℓβℓ (4.8)
where the scalar field θ′ and 1-form field K obey
∇2gθ′ = ∗dB , d ∗ dK = d ∗B (4.9)
and the harmonic coefficients are
bℓ(t) =M ℓm
∫
M3
B ∧ αm =
∫
Σℓ
B (4.10)
Since by assumption
∫
M3 d
3x ∇g · B = 0, the function ∗dB in (4.9) contains no zero
modes, or the constant function in this case, of the scalar Laplacian ∇2g. Similarily the
1-form ∗dA in (4.6) contains no zero modes of the Laplacian (∇(1)g )2 acting on 1-forms.
Moreover, we can set the zero modes of d ∗ B = ∇g × B and ∗d ∗ A = ∇g · A to zero
using time-independent gauge transformations. The harmonic parts (4.7) and (4.10) of
the fields represent the additional degrees of freedom of A and B that are present when
M3 is homologically non-trivial (compare with equations (3.1) and (3.2) of Section 3).
The gauge constraints (2.13) are again solved by the decomposition (3.5) of the wave-
functions. Substituting (4.5)–(4.10) into the remaining action, without the gauge con-
straints, in (2.14) and integrating by parts over M3 gives
S =
∫
dt
[∫
M3
(
k
2π
(−θ˙∇2gθ′ + Φ˙′iKi) d3x+A ∧ ∗j˜ +B ∧ ∗Σ˜
)
+
k
2π
a˙ℓMℓmb
m
]
(4.11)
where j˜ and Σ˜ are the dual forms, over M3, of the particle and string current vector
fields (2.11) and (2.12), respectively. From (4.11) we read off the non-vanishing canonical
commutators[
θ(x),∇2gθ′(y)
]
= −2πi
k
δ(3)(x, y) ,
[
Ki(x),Φ
′
j(y)
]
= −2πi
k
Pijδ
(3)(x, y) (4.12)
12
[
aℓ, bm
]
=
2πi
k
M ℓm (4.13)
where Pij is the transverse projection operator satisfying
∇igPij = ∇jgPij = 0 , PijAj = Ai − (∇g)i
(
1
(∇2g)′
∇jgAj
)
(4.14)
and the prime on the Laplacian indicates that we remove its zero modes.
In the Schro¨dinger picture we therefore consider the wavefunctions Ψphys[θ,K, a; t] and
we can represent the commutation relations (4.12) and (4.13) by the derivative operators
θ′(x) = 2πi
k
1
(∇2g)′
δ
δθ(x)
, Φ′i(x) =
2πi
k
Pij
δ
δKj(x)
(4.15)
bm = −2πi
k
M ℓm
∂
∂aℓ
(4.16)
As we shall see, the projection operator Pij ensures the invariance of the wavefunctions
under the time-independent longitudinal symmetry K → K + dΛ, where Λ is an arbitrary
function, which is dual to the string current symmetry Σ˜ → Σ˜ + ∗dΛ˜, where Λ˜ is an
arbitrary 1-form. This symmetry arises from the continuity equation for Σµν .
4.1. Source-free Case: Effects of Non-trivial
Topology and Cohomology Representations
When M3 has non-trivial homology, the coefficients (4.7) and (4.10) of the harmonic
parts of the gauge fields transform under the large gauge transformations which arise from
windings around the non-trivial homology cycles of M3 (i.e. n,m 6= 0 in (2.5)). The
physical state wavefunctions should respect these global gauge symmetries just as they
respect the local gauge symmetries generated by (2.13) (see (3.6)), and this constraint then
partitions the physical Hilbert space into superselection sectors labelled by the homology
classes of M3. To see how this works, we first consider this model without sources. Then
the constraints (2.13) imply that A and B restricted toM3 are closed forms. Consequently,
the harmonic coefficients (4.7) and (4.10) are topological invariants which generate the
signed intersection number (4.1) through the operator algebra (4.13)3.
3 Had we instead chosen the normalization of the harmonic generators corresponding to Hodge duality, i.e.∫
M3
αℓ∧βk = δℓk, then the operator algebra of aℓ and bm would involve the identity matrix δℓm rather than
the linking matrix M ℓm. However, because of the canonical commutator (2.15), the contour and surface
integrals of A and B, respectively, would still satisfy the algebra (4.13).
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With no sources present the Hamiltonian (2.16) vanishes and so the wavefunctions are
time-independent. Moreover, the local gauge constraints (2.13) and the relations (4.5),
(4.8), and (4.15) imply that
δ
δθ
Ψphys[θ,K, a] = Pij
δ
δKj
Ψphys[θ,K, a] = 0 (4.17)
so that the physical states depend only on the global harmonic coefficients aℓ. It remains
to solve for the invariance under the time-independent large gauge transformations (2.2)
and (2.3) satisfying (2.5), which in terms of the harmonic coefficients (4.7) and (4.10) are
given by the translations
aℓ → aℓ + 2πnℓ , bℓ → bℓ + 2πmℓ ; nℓ, mℓ ∈ ZZ (4.18)
It is convenient here to instead work in a holomorphic polarization defined by the
complex variables4
γℓ = aℓ +Mmℓρmkb
k , γℓ = aℓ +Mmℓρmkb
k (4.19)
where ρ = [ρmk] is an arbitrary symmetric p× p complex-valued matrix whose imaginary
part is negative-definite. The gauge transformations (4.18) in these new variables are
γℓ → γℓ + 2π(nℓ +Mmℓρmkmk) , γℓ → γℓ + 2π(nℓ +Mmℓρmkmk) (4.20)
and the commutation relations (4.13) become
[
γℓ, γk
]
=
[
γℓ, γk
]
= 0 ,
[
γℓ, γk
]
= −2π
k
Ωℓk (4.21)
where
Ωℓk = −2Mpℓ Im ρpqM qk (4.22)
is a real-valued positive-definite symmetric matrix. These relations may be represented by
γℓ =
2π
k
Ωℓk
∂
∂γk
(4.23)
and in the coordinates (4.19) we will instead be looking for the coherent state wavefunctions
which we denote by Ψ0(γ).
4 This polarization eludes the delta-function singularities which appear in the wavefunctions when the usual
Schro¨dinger polarization is used.
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The matrix ρ introduced above can be interpreted as follows. The phase space of the
source-free BF theory is the 2p dimensional space of the aℓ and bℓ variables
P = H1(M3; IR)⊕H2(M3; IR) (4.24)
ρ can then be thought of as parametrizing a complex structure on P forming the p dimen-
sional complex space of the γℓ variables, and this then determines all of the topological
degrees of freedom which remain in the source-free case modulo the large gauge transfor-
mations (4.20). In fact, as we shall see later on, the positive-definite symmetric matrix Ω
actually defines a metric on P, and from its definition (4.22) (and the definition (4.19)) we
see that it incorporates the topological linking of the homology cycles of M3. However,
since the action (2.1) defines a topological field theory, all observables will be independent
of this phase space complex structure. This is analogous to the situation in Chern-Simons
theory [21]. From (4.24) and (4.19) we see that the quantization of the classical phase
space of the BF system will give (projective) quantum representations of the cohomology
groups of M3.
From (4.21) it follows that the quantum operators which generate the global gauge
transformations (4.20) in the Schro¨dinger picture are
U(n,m) = exp
[
2π
(
nℓ +Mmℓρmkm
k
) ∂
∂γℓ
− k(nℓ +Mmℓρmkmk)(Ω−1)ℓqγq
]
(4.25)
The unitary operators (4.25) in general do not commute among themselves, in contrast
with their classical counterparts, and the Baker-Campbell-Hausdorff formula
eX+Y = e−[X,Y ]/2 eX eY (4.26)
along with the commutation relations (4.21) show that the algebra of these large gauge
transformations is a variation of a clock algebra
U(n,m)U(n′, m′) = e2πik(n
′ℓMℓnm
n−nℓMℓnm′n)U(n′, m′)U(n,m) (4.27)
This U(1) 2-cocycle relation differs from the standard clock algebra in that the matrixMℓn
in (4.27) is usually the identity matrix δℓn. On 3-manifoldsM3 for which the linking matrix
is not trivially the identity matrix the 2-cocycle appearing in (4.27) is quite natural, since
it then also reflects the possible non-trivial linkings of the homology cycles of M3 which
should be represented by the generators of windings around them. To determine the effect
of these generators explicitly on the wavefunctions Ψ0(γ), we separate out the derivative
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part of the operator (4.25) using the Baker-Campbell-Hausdorff formula (4.26) again, and
we find that the behaviour of the wavefunctions under large gauge transformations is
U(n,m)Ψ0(γ
ℓ) = exp
[
− k(nℓ +Mmℓρmkmk)(Ω−1)ℓqγq − πk(nℓ +Mmℓρmkmk)(Ω−1)ℓq
× (nq +M rqρrsms)
]
Ψ0
(
γℓ + 2π(nℓ +Mmℓρmkm
k)
)
(4.28)
When the coupling constant 1k is an irrational number, the algebra (4.27) of large
gauge transformations is infinite dimensional. Finite dimensional representations of the
non-trivial homology of M3 can however be obtained when the BF coefficent k is either
a positive integer or rational number, k = M k1k2
; k1, k2 ∈ ZZ+ (Negative k can then be
obtained by reversing the orientation of M3 and thus changing the sign of M). We shall
assume these discrete values of k for the remainder of this Paper. Then for any set of
integers (n,m), the algebra (4.27) implies that U(k2n, k2m) commutes with all of the
other gauge transformation generators, as then the phase in (4.27) is an integer multiple
of 2π. Since these operators are unitary and commute with the (zero) Hamiltonian here,
it follows that their action (4.28) on the wavefunctions must lie on the same ray in the
Hilbert space as that defined by Ψ0(γ), i.e.
U(k2n, k2m)Ψ0(γ) = e
iη(n,m)Ψ0(γ) (4.29)
for some phases η(n,m) ∈ S1. Comparing this with (4.28) we see that the wavefunctions
enjoy the quasi-periodicity property
Ψ0
(
γℓ + 2πk2(n
ℓ +Mmℓρmkm
k)
)
= exp
[
iη(n,m) + k1(n
ℓ +Mmℓρmkm
k)(Ω−1)ℓqγq
+ πk1k2(n
ℓ +Mmℓρmkm
k)(Ω−1)ℓq(nq +M rqρrsms)
]
Ψ0(γ
ℓ)
(4.30)
The only functions which obey quasi-periodic conditions such as (4.30) are combina-
tions of the Jacobi theta functions [22]
Θ
(
c
d
)
(z|Π) =
∑
{nℓ}∈ZZp
exp
[
iπ(nℓ + cℓ)Πℓk(n
k + ck) + 2πi(nℓ + cℓ)(zℓ + dℓ)
]
(4.31)
where cℓ, dℓ ∈ [0, 1] and zℓ ∈ C. The functions (4.31) are well-defined holomorphic func-
tions of {zℓ} ∈Cp for Π = [Πℓk] in the Siegal upper half-plane, and they obey the doubly
semi-periodic conditions
Θ
(
c
d
)
(zℓ + sℓ +Πℓkt
k|Π) = exp
[
2πicℓsℓ − iπtℓΠℓktk − 2πitℓ(zℓ + dℓ)
]
Θ
(
c
d
)
(z|Π)
(4.32)
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where sℓ and t
ℓ are integers, and
Θ
(
c
d
)
(zℓ + CΠℓkt
k|Π) = exp
[
−iπC2tℓΠℓktk − 2πiCtℓ(zℓ + dℓ)
]
Θ
(
c+ Ct
d
)
(z|Π)
(4.33)
for any non-integer C ∈ IR. It should be emphasized that the transformations (4.32) can
be performed in many different steps with the same final result, but successive applications
of (4.32) and (4.33) do not commute. Instead, when applied in different orders, the final
results differ by a phase which forms a representation of the algebra (4.27). We define
the operators U(n,m) with the convention that the transformation (4.32) is applied before
(4.33).
After some algebra, we find that the algebraic constraints (4.30) are uniquely solved
by the wavefunctions
Ψ
(q)
0
(
c
d
)
(γ) = e
k
4πγ
ℓ(Ω−1)ℓkγ
k
Θ
(
c+q
Mk1k2
d
)(
Mk1
2π
Mmℓγ
m
∣∣∣ −k1k2Mρ
)
(4.34)
where qℓ = 1, 2, . . . , k1k2M . Computing the periodic behaviour of (4.34) we find that the
phases in (4.29) are given by the non-trivial 1-cocycle
η(n,m)
2π
= α1(n,m) = c
ℓMmℓn
m + dℓm
ℓ − 1
2
k1k2Mn
mMmℓm
ℓ (4.35)
Under an arbitrary large gauge transformation (4.28) we have
U(n,m)Ψ
(q)
0
(
c
d
)
(γ) = exp
[
2πi
k2
(
cℓMmℓn
m + dℓm
ℓ
)
− iπknmMmℓmℓ +
2πi
k2
qℓMmℓn
m
]
×Ψ(q
ℓ−k1Mmℓ)
0
(
c
d
)
(γ)
=
∑
q′
[U(n,m)]qq′Ψ
(q′)
0
(
c
d
)
(γ)
(4.36)
where the unitary matrices
[U(n,m)]qq′ = exp
[
2πi
k2
(
cℓMmℓn
m + dℓm
ℓ
)
− iπknmMmℓmℓ +
2πi
k2
qℓMmℓn
m
]
δqℓ−k1Mmℓ,q′k
(4.37)
form a (k2)
p dimensional projective representation, which is cyclic of period k2, of the
algebra (4.27) of large gauge transformations. The projective phase here is the non-trivial
global U(1) 1-cocycle
α
(q)
1 (n,m) =
1
k2
(
cℓMrℓn
r + dℓm
ℓ + qℓMrℓn
r − Mk1
2
nrMrℓm
ℓ
)
(4.38)
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Therefore, the Hilbert space of source-free BF-theory, on spaces with p dimensional
first and second homology and linking matrix Mkℓ, is (k1k2M)
p dimensional and the
wavefunctions carry a (k2)
p dimensional representation of the corresponding discrete group
of large gauge transformations. Notice that the possible non-trivial homology linking is
even represented directly in the dimensionality of the Hilbert space.
4.2. Inclusion of Sources: Fractional Statistics and Duality
In the last Subsection we have seen that on homologically non-trivial spaces, the Hilbert
space of physical states is non-trivial even in the absence of particle and string sources (in
contrast to the simply connected case), due to the existence of non-trivial global gauge
transformations. To obtain representations of the particle-string holonomy in M3, we re-
introduce sources into the problem and Hodge decompose the dual current forms j˜ = jidx
i
and Σ˜ = 12Σijdx
i ∧ dxj as before on M3. With the same conventions for the particle
trajectories and string surfaces as in Section 3 above, we have
j˜ = dω′ + ∗dΩ+ jℓMmℓ ∗ βm (4.39)
where from the continuity equation ∂µj
µ = 0
∗d ∗ j˜ = ∇2gω′ = −∂tj0 , d ∗ dΩ = dj˜ (4.40)
and from the explicit form (2.11) of the particle current
jℓ(t) =
∑
a
qar˙
i
a(t) (αℓ)i (ra(t)) (4.41)
Similarily
Σ˜ = dΠ′ + ∗dπ + ΣℓM ℓm ∗ αm (4.42)
where from the conservation law ∂µΣ
µν = 0
∗d ∗ Σ˜ = ∗d ∗ dΠ′ = ∂tΣ0 , ∇2gπ = ∗dΣ˜ (4.43)
where Σ0 = Σ0idx
i, and the explicit expression (2.12) for the string current implies
Σℓ(t) =
∑
b
φb
∫
dσ
∂Xib(t, σ)
∂t
∂X
j
b (t, σ)
∂σ
(βℓ)ij(Xb(t, σ)) (4.44)
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As for the gauge fields, we can eliminate the zero modes of the appropriate Laplacian
operators using our previous assumptions and the symmetries generated by the continuity
equations for the sources.
Substituting all of the above Hodge decompositions into (2.16) and integrating by parts
over M3, the Hamiltonian can be written as
H =
∫
M3
d3x
(
−θ∂j
0
∂t
−Ki
∂Σ0i
∂t
− ΩiΦ′i + π(x)∇2gθ′
)
− (aℓjℓ + bℓΣℓ) (4.45)
and in the Schro¨dinger picture we can use the representations (4.15) and (4.16) to write
H =
∫
M3
d3x
[(
−θ∂j
0
∂t
+
2πi
k
π(x)
δ
δθ
)
+
(
−Ki
∂Σ0i
∂t
− 2πi
k
ΩiP
i
j
δ
δKj
)]
+HT (4.46)
where the topological Hamiltonian HT , written in terms of the holomorphic polarization
(4.19) and the representation (4.23), is
HT = i(Σn − ρnmMmℓjℓ)Mnp(Ω−1)pkγk −
2πi
k
(
Σn − ρnmMmℓjℓ
)
Mnk
∂
∂γk
(4.47)
We see that the Hamiltonian separates into three commuting pieces, one depending only
on the local exact part of A, one on the local exact part of B, and the other depending only
on the global harmonic parts of the fields. The Schro¨dinger equation (3.7) can therefore be
solved by separating the variables θ, K and γ to get the wavefunctions Ψphys[θ,K, γ; t] =
ΨL[θ,K; t]ΨT (γ; t).
The local wavefunctionals ΨL must solve the local gauge constraints (2.13), which as
in (3.5) are solved in the form
ΨL[θ,K; t] = exp
[
i
∫
M3
d3x
(
θ(x)j0(x, t) +Ki(x)Σ
0i(x, t)
)]
Ψ˜L(t) (4.48)
and they represent the local gauge symmetries through a 1 dimensional projective repre-
sentation as discussed in Section 3. The remaining piece Ψ˜L is found by substituting (4.48)
and (4.46) into the Schro¨dinger equation (3.7), from which we find
Ψ˜L(t) = exp
[
2πi
k
∫ t
−∞
dt′
∫
M3
d3x
(
π(x, t′)j0(x, t′)− Ωi(x, t′)Σ0i(x, t′)
)]
(4.49)
The evaluation of this integral is done in the Appendix. It is found that
Ψ˜L(t) = exp

− i
2k
∑
a,b
qaφb
∫ t
−∞
dt′
dΦ
(g)
ab (t
′)
dt′ +
2πi
k
∫ t
−∞
jℓ(t
′) dt′ Mmℓ
∫ t′
−∞
Σm(t
′′) dt′′


(4.50)
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where Φ
(g)
ab (t) = Φ
(g)(ria(t), X
j
b (t, σ)) is the generalization of the solid angle (3.11) to a
curved space (see the Appendix, equation (A.20)). Everytime a particle goes around a
loop, or a loop goes around a particle in the opposite direction, Φ(g) increases by 4π. Thus
we recover the fractional linking of particles and strings found earlier in Euclidean 3-space.
The canonical linking function Φ(g)(t) is the adiabatic limit of the standard covariant
particle-string linking in a general 4-manifold M4 [2,3,5].
The solution ΨT of the Schro¨dinger equation determined by the topological Hamilto-
nian HT in (4.47) is immediate
ΨT (γ; t) = exp
[∫ t
−∞
(Σn(t
′)− ρnmMmℓjℓ(t′)) dt′ Mnp(Ω−1)pkγk
− 2π
k
∫ t
−∞
(Σn(t
′)− ρnmMmℓjℓ(t′)) dt′ Mnp
× (Ω−1)pqMkq
∫ t′
−∞
(Σk(t
′′)− ρkrM rsjs(t′′)) dt′′
]
×Ψ(q)0
(
c
d
)(
γk − 2π
k
Mnk
∫ t
−∞
(Σn(t
′)− ρnmMmℓjℓ(t′)) dt′
)
(4.51)
The last function Ψ0 in (4.51) is at first glance arbitrary since the combination γ
k −
2π
k M
nk
∫ t
−∞(Σn(t
′)− ρnmMmℓjℓ(t′)) dt′ in its argument leads directly to a solution of the
equation
∂Ψ0
∂t
= −2π
k
(
Σn − ρnmMmℓjℓ
)
Mnk
∂Ψ0
∂γk
(4.52)
which arises from the Schro¨dinger equation after factoring out the exponential term in
(4.51). However, when there are no particles and strings present we find that ΨT (γ)
must reduce to the coherent state wavefunctions Ψ0(γ) discussed in Subsection 4.1 above,
which we know to be the functions Ψ
(q)
0 given by (4.34). (4.51) determines that part
of the full wavefunction which represents the source currents traversing along the non-
trivial homology cycles in M3, as well as the global gauge symmetries through the multi-
dimensional projective representation discussed in Subsection 4.1.
When we put together ΨL and ΨT above, use the equation (4.34) for Ψ
(q)
0 , and sub-
stitute in the expressions (2.11) and (2.12) for the source currents, we obtain the full
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wavefunction
Ψ
(q)
phys
(
c
d
)
[θ,K, γ; t] = exp
[
i
∑
a
qaθ(ra(t)) + i
∑
b
φb
∫
dσ
∂Xib(t, σ)
∂σ
Ki(Xb(t, σ))
]
× exp
[
− i
2k
∑
a,b
qaφb
(
Φ
(g)
ab (t)− Φ
(g)
ab (−∞)
)
+
k
4π
γℓ(Ω−1)ℓkγk
− iγk
∫ t
−∞
jk(t
′) dt′ + 2πi
k
∫ t
−∞
jℓ(t
′) dt′ Mmℓ
∫ t
−∞
Σm(t
′) dt′
− iπ
k
∫ t
−∞
jk(t
′) dt′ MpkρpqM qℓ
∫ t
−∞
jℓ(t
′) dt′
]
Θ
(
c+q
k1k2M
d
)(
Mk1
2π
Mknγ
k
− k2
∫ t
−∞
(Σn(t
′)− ρnmMmℓjℓ(t′)) dt′
∣∣∣∣ −k1k2Mρ
)
(4.53)
As shown in the Appendix, the wavefunctions (4.53) are independent of the particular
paths of motion of the particles and strings, as long as these do not intersect. They do,
however, depend on their configurations through the local parts of the gauge fields, the
topological current integrals and the angle function Φ
(g)
ab (t)− Φ
(g)
ab (−∞).
Notice that the states (4.53) also contain 2p free parameters c and d. However, it can
be observed that
Ψ
(q)
0
(
c
d
)
(−γ) = (−1)4cℓdℓΨ(q)0
(
c
d
)
(γ) (4.54)
only when cℓ, dℓ ∈ {0, 12}. For other parameter values the reflection symmetry γ → −γ
does not close in the set of functions (4.34). The values cℓ, dℓ ∈ {0, 12} correspond to
a choice of spin structure on the complex multi-torus formed by the topological phase
space P modulo large gauge transformations. This spin structure increases the number
of wavefunctions (4.53) by 4p. We have not found any other symmetry of the theory, for
example a symmetry that relates different complex structures on P, which would select
special values for c and d, and it would be interesting to investigate this further.
The final step in constructing the Hilbert space of the particle-string system is to
determine the transition amplitudes between physical states. The inner product in the
finite-dimensional vector space spanned by the wavefunctions (4.53) is given by
(Ψ1,Ψ2) =
∫
Dθ DK < Ψ1[θ,K],Ψ2[θ,K] >P (4.55)
where the inner product on the topological phase space (4.24) is defined by the usual
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coherent state measure for the holomorphic polarization (4.19) [23]
< Ψ1,Ψ2 >P =
∫
P
p∏
ℓ=1
dγℓ dγℓ detΩ−1 e−
k
2πγ
k(Ω−1)kℓγ
ℓ
Ψ∗1(γ)Ψ2(γ) (4.56)
In the subspace spanned by the wavefunctions (4.34), wherein the integrand of (4.56) is
completely invariant under the large gauge transformations (4.20), the integration in (4.56)
can be restricted to the plaquette P = {γℓ = uℓ +Mmℓρmkvk : uℓ, vℓ ∈ [0, 1]}, the multi-
torus which is the reduced phase space of the γ’s, after dividing out by the volume of the
gauge group in (4.55). With the measure (4.56) and the commutation relations (4.21), we
find that γ† = γ, as it should be, and also that the infinitesimal variation norm is given
by ‖δγ‖2 = (δγ)k(Ω−1)kℓ(δγ)ℓ. Thus the matrix Ω given by (4.22) defines a metric on the
topological phase space P of harmonic forms. Notice that the wavefunctions (4.34) have
inner product
< Ψ
(q)
0 ,Ψ
(q′)
0 >P = det
−1/2Ω δqq
′
(4.57)
and so the basis (4.53) can be used to define an orthonormal basis of the full physical
Hilbert space.
When the current sources are transported around contractable cycles in M3, there is
no additional phase contribution to the wavefunctions (4.53). This is not true, however,
for homologically non-trivial motions of the particles and strings. Let us consider the
effect on the wavefunctions (4.53) of the motion of particles and strings whereby first the
particles wind tk times around the k-th homology 1-cycle, so that
∫ t˜
−∞ jk(t′) dt′ = tk
and
∫ t˜
−∞Σ
k(t′) dt′ = 0, and then afterwards the strings wind sk times around the k-th
homology 2-cycle, so that
∫ t
t˜ jk(t
′) dt′ = 0 and
∫ t
t˜ Σ
k(t′) dt′ = sk. The linkings of these
particles and strings are represented by the angle function Φ
(g)
ab . Then we find, modulo
these linkings, from (4.33) that the wavefunctions (4.53) are transformed as
Ψ
(q)
phys
(
c
d
)
[θ,K, γ; t]→ exp
[
2πi
k
skM
kℓtℓ +
2πi
k1M
(
−skck + dkMkℓtℓ
)
− 2πi
k1M
skq
k
]
×Ψ(qk−k2Mkℓtℓ)phys
(
c
d
)
[θ,K, γ;−∞]
=
∑
q′
[V (s, t)]qq′Ψ
(q′)
phys
(
c
d
)
[θ,K, γ;−∞]
(4.58)
where the matrices
[V (s, t)]qq′ = exp
[
2πi
k
skM
kℓtℓ +
2πi
k1M
(
−skck + dkMkℓtℓ
)
− 2πi
k1M
skq
k
]
δqk−k2Mkℓtℓ,q′k
(4.59)
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form a (k1)
p dimensional representation of a variation of a clock algebra
V (s, t)V (s′, t′) = e
2πi
k
(skM
kℓt′ℓ−s′kMkℓtℓ)V (s′, t′)V (s, t) (4.60)
which can be viewed as the dual of the algebra (4.27) with k1 and k2 interchanged and the
linking matrix Mkℓ replaced by its inverse M
ℓk.
4.3. Discussion and Conclusions
We have shown in the above that the full Hilbert space of BF theory with sources
is (k1k2M)
p dimensional and the wavefunctions carry a one-dimensional unitary repre-
sentation of the fractional particle-string exchange holonomies through the angle function
Φ
(g)
ab in (4.53), with statistics parameter
k
2π . The wavefunctions in addition carry a 1
dimensional projective representation of the local gauge symmetries, as well as a (k2)
p
dimensional projective representation of the algebra (4.27) of large gauge transformations
with the 2-cocycle
α2(n,m;n
′, m′) = k1M
k2
(
nℓMℓnm
′n − n′ℓMℓnmn
)
(4.61)
They also carry the corresponding representation of the dual algebra, obtained by inter-
changing k1 and k2 and invertingMkℓ, where the dual tranformations transport the particle
and string sources around the non-trivial homology cycles inM3. What is also interesting
is that when the space M3 does contain non-trivial homology cycles, the spectrum of the
pure source-free BF theory is also non-trivial and provides quantum representations of the
non-trivial cohomology of M3. In all of this, when the linkings of the homology 1-cycles
with the homology 2-cycles is non-trivial the linking matrix M ℓm plays an important role:
It appears in both the dimensionality of the Hilbert space and the U(1) 2-cocycle that
arises in the projective cohomology representations of M3. Its appearence is quite nice,
since a complete homological representation should also reflect the non-triviality of M ℓm
in these cases.
The above results provide a full, detailed description of the enlarged Hilbert space of the
particle-string system, with inner product (4.55), and we see precisely how the fractional
linkings of particles and strings are realized in the physical states. The discrete transfor-
mation groups above, along with the fractional exchange holonomies, are the analogs of
the braid group representations that one obtains in conventional anyon theories [1,24], i.e.
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they represent the generators of the fundamental homotopy group of the particle-string
configuration space. For a system of identical, oriented strings this fundamental group is
known as the motion group [15,25]. In the present case the wavefunctions carry a uni-
tary representation of both the generators of this group which correspond to the exchange
holonomies between particles and strings and, in the case of a topologically non-trivial spa-
tial manifold, the generators which are associated with the windings of the sources around
the non-trivial homology cycles of the manifold. These latter topological generators are
dual to the generators of large gauge transformations, and we see that the BF-theory leads
to a duality between large gauge transformations and linking operations. This inherent
duality in the wavefunctions yields a quantum representation of the cohomology of the
space on which the BF theory is defined, and also of the possible non-trivial linkings of the
homology cycles. Thus the BF-type topological field theory description of the adiabatic
transports which occur in such a model is well-suited to describe the fractional statistics
which can occur in 4 dimensions, and it provides a phenomenological description of anyons
propagating in 3-dimensional space, and of the fractional statistics of strings themselves. It
also provides interesting quantum representations of the non-trivial topological properties
that M3 may possess, and of the resulting motion group on M3.
APPENDIX: ADIABATIC LINKING
NUMBERS IN CURVED SPACES
In this Appendix we present some details of the calculation of the curved space solid
angle function which was introduced in (4.50). Many of the calculations in a curved space
are performed by decomposing the space of functions onM3 in terms of the eigenfunctions
of the scalar Laplacian operator
∇2gψλ(x) = ∗d ∗ dψλ(x) = λ2ψλ(x) (A.1)
These functions can be normalized so that∫
M3
ψλ ∗ ψλ′ = δλ,λ′ (A.2)
In the case of degeneracies it is always possible to define an orthonormal set in the de-
generate subspace, and this will be implicitly assumed in this Appendix. One important
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function is the constant function ψ0 = (
∫
M3 d
3x)−
1
2 , the single zero mode solution of (A.1)
in the space of functions on M3. This decomposition can be used to represent the Dirac
delta function on this space through the completeness relation
δ(3)(x, y) =
∑
λ
ψλ(x)ψλ(y) or δ
(0,3)(x, y)d3y =
∑
λ
ψλ(x) ∗ ψλ(y) (A.3)
The above decomposition for functions onM3 is the Hodge decomposition for 0-forms,
the elements of Λ0(M3). Every 0-form can be expressed in terms of a coexact 0-form, ψλ
for λ 6= 0, an exact 0-form, which doesn’t exist since there are no (−1)-forms, and a
harmonic 0-form, the constant function ψ0. A similar decomposition exists for 1-forms on
M3, the elements of Λ1(M3). The exact 1-forms are
ψ
(e)
λ =
dψλ√
−λ2 with
∫
M3
ψ
(e)
λ ∧ ∗ψ
(e)
λ′ = δλ,λ′ (A.4)
for λ 6= 0, while the coexact 1-forms are a new set of forms satisfying
∗d ∗ ψ(c)
λ˜
= 0 , (∇(1)g )2ψ(c)
λ˜
= ∗d ∗ dψ(c)
λ˜
= λ˜2ψ
(c)
λ˜
(A.5)
which are also normalized as ∫
M3
ψ
(c)
λ˜
∧ ∗ψ(c)
λ˜′
= δ
λ˜,λ˜′
(A.6)
The index (c) will be dropped from here on to simplify notation. We consider only those
ψ
λ˜
with λ˜ 6= 0, which in this decomposition then leaves only the harmonic 1-forms given
by the αℓ introduced at the beginning of Section 4. They are normalized by the relation
(4.3).
It is also possible to define a Dirac delta function for 1-forms in the following sense.
Such a function belongs to the space Λ1(M3(x))⊗Λ2(M3(y)), and when it is wedged with
a 1-form α(y) ∈ Λ1(M3(y)) and the resulting 3-form on Λ3(M3(y)) is integrated overM3,
we are left with the 1-form α(x) ∈ Λ1(M3(x)). From the Hodge decomposition above, it
is rather straightforward to show that this delta function has the representation in terms
of the completeness relation
δ(1,2)(x, y) = −
∑
λ6=0
dψλ(x) ∗ dψλ(y)
λ2
+
∑
λ˜
ψ
λ˜
(x) ∗ ψ
λ˜
(y) + αℓ(x)M
mℓβm(y) (A.7)
Note that from (A.7) we can represent the linking matrix (4.1) of M3 as
Mmn =
∫
Σm(y)
∫
Ln(x)
δ(1,2)(x, y) (A.8)
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which is valid only with the normalization (4.2) of the harmonic generators. The Hodge
decompositions of 2-forms and 3-forms are the Hodge-duals of the above decompositions
of 1-forms and 0-forms, respectively.
If we look at the definitions of the particle current (2.11) and string current (2.12)
and integrate the time components, we recognize the delta functions (A.3) and (A.7),
respectively. Using the decomposition (4.39) and (4.40) for the particle current (2.11), we
find that
j0(x, t) =
∑
a
qa
∑
λ
ψλ(x)ψλ(ra(t)) (A.9)
Ω(x, t) =
∑
a
qa
∑
λ˜
1
λ˜2
∗ dψ
λ˜
(x)
∂
∂t
(∫ ra(t)
r0
ψ
λ˜
)
(A.10)
and
ω′(x, t) = −
∑
a
qa
∑
λ6=0
1
λ2
ψλ(x)
∂ψλ(ra(t))
∂t
= − 1
(∇2g)′
∂j0(x, t)
∂t
(A.11)
with the harmonic part
jℓ(t) =
∑
a
qa
∂
∂t
(∫ ra(t)
r0
αℓ
)
(A.12)
which is just equation (4.41). Here r0 is some fixed basepoint in M3.
Similarily from the string current decomposition (4.42) and (4.43) of (2.12) we find
Σ0 = Σ0idx
i =
∑
b
φb
∑
λ˜
ψ
λ˜
(x)
(∫
σb(t)
ψ
λ˜
)
(A.13)
π(x, t) = −
∑
b
φb
∑
λ6=0
1
λ2
ψλ(x)
∂
∂t
(∫
Σb(t)
∗dψλ
)
(A.14)
and
Π′(x, t) =
∑
b
φb
∑
λ˜
1
λ˜2
ψ
λ˜
(x)
∂
∂t
(∫
σb(t)
ψ
λ˜
)
=
1(∇(1)2g )′
∂Σ0i(x, t)
∂t
dxi (A.15)
with the harmonic part
Σℓ(t) =
∑
b
φb
∂
∂t
(∫
Σb(t)
βℓ
)
(A.16)
which is equal to (4.44). By σb(t) we mean the string embedding X
i
b(t, σ), while Σb(t)
represents a surface, the string world sheet projected ontoM3, having the boundary σb(t)
at time t.
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Let us now compute the expression (4.49) using the relations (A.9), (A.10), (A.13) and
(A.14). We find that
L(t) =
∫
M3
d3x
(
π(x, t)j0(x, t)− Ωi(x, t)Σ0i(x, t)
)
=
∑
a,b
qaφb

−∑
λ6=0
1
λ2
ψλ(ra(t))
∂
∂t
(∫
Σb(t)
∗dψλ
)
−
∑
λ˜
(∫
Σb(t)
∗ψ
λ˜
)
∂
∂t
(∫ ra(t)
r0
ψ
λ˜
)
(A.17)
Integrating the first term in (A.17) by parts over time gives
L(t) =
∑
a,b
qaφb
∂
∂t

−∑
λ6=0
1
λ2
ψλ(ra(t))
(∫
Σb(t)
∗dψλ
)

+
∑
a,b
qaφb(αℓ)i(ra(t))r˙
i
a(t)M
mℓ
(∫
Σb(t)
βm
)
−
∑
a,b
qaφb
[
−
∑
λ6=0
1
λ2
(∫
Σb(t)
∗dψλ
)
∂iψλ(ra(t))
+
∑
λ˜
(∫
Σb(t)
∗ψ
λ˜
)(
ψ
λ˜
)
i
(ra(t)) +
(∫
Σb(t)
βm
)
Mmℓ (αℓ)i (ra(t))
]
r˙ia(t)
(A.18)
The last 3 terms in (A.18) can be collected together to give the delta function (A.7)
integrated over Σb(t), and then comparing the second term in (A.18) with (A.12) and
(A.16) we find
L(t) = − 1
4π
∑
a,b
qaφb
dΦ
(g)
ab (t)
dt
+ jℓ(t)M
mℓ
∫ t
−∞
Σm(t
′) dt′ (A.19)
where we have defined the function Φ
(g)
ab by
Φ
(g)
ab (t) = 4π
∫ t
−∞
(∫
Σb(t′)
δ(1,2)(ra(t
′), Xb(t′, σ))
)
i
r˙ia(t
′) dt′
+ 4π
∑
λ6=0
1
λ2
ψλ(ra(t))
(∫
Σb(t)
∗dψλ
) (A.20)
We need to check that Φ
(g)
ab is independent of the chosen surface Σb(t) given its bound-
ary σb(t). If we choose a different surface Σ˜b(t) with Σb − Σ˜b = ∂Bb for some volume Bb,
27
then the second term in (A.20) will change by
δΦ
(g)
ab (t) = 4π
∑
λ6=0
1
λ2
ψλ(ra(t))
(∫
Σb(t)−Σ˜b(t)
∗dψλ
)
(A.21)
Using Stokes’ theorem we then find
δΦ
(g)
ab (t) = 4π
∑
λ6=0
∫
Bb(t)
ψλ(ra(t))ψλ(x) d
3x = 4π
∫
Bb(t)
[
δ(3)(ra(t), x)− ψ0ψ0
]
d3x
(A.22)
This shows that if we continuously deform Σb(t) then the second term in (A.20) does
not change unless we cross the particle at ra(t), and then the change is 4π which will be
cancelled by the first term in (A.20). The contribution from the ψ0 function in (A.22) will
vanish when we sum over qa and φb in (A.19).
A string encircling a fixed particle (i.e. ra(t) constant) once can be represented by
Σb(t1) = Σb(t2) after it has swept out a closed volume containing the particle in time
t2 − t1, and in this case the second term in (A.20) will add 4π to Φ(g)ab . Alternatively, if
the string is fixed we can choose Σb(t) constant, and when a particle encircles the string
and returns back to its original position the only contribution to Φ
(g)
ab is the first term in
(A.20) which precisely counts the number of times it crosses Σb, giving again the correct
linking number. The function (A.20) therefore has the properties that it increases by 4π
everytime that particle a and string b link themselves exactly once, and furthermore it
is independent of the paths of the particles and strings, as long as they do not intersect.
(A.20) also reduces to the standard Euclidean space solid angle when the string and particle
paths are infinitesimal, since then this function becomes the angle function (3.11). The
canonical linking function Φ(g)(t) above is the adiabatic limit of the covariant linking
number
IM4(Σ,L) =
∫
B(Σ)
∆L (A.23)
in M4 of a loop L and a closed surface Σ [2,3]. Here B(Σ) is a volume bounded by Σ
and ∆L is the deRham current [17] which is the Poincare´-dual of the embedding of L
in M4. The deRham current can be written as ∆L =
∫
L∆ where ∆ is the Dirac delta
function δ(1,3)(r(τ), x) in the space Λ1(M4(r(τ)))⊗Λ3(M4(x)) which restricts the domain
of integration over M4 to L, i.e.
∫
M4 ∆L ∧ α =
∫
L α for any 1-form α.
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